
N U C L E A T } ~  B O I L I N G  OF A L I Q U I D  

V .  I .  B r o n s h t e i n  a n d  T .  L .  P e r e l ' m a n  UDC 536.423.1 

A balance method is descr ibed  for  the analysis of nucleate pool boiling of a liquid. 

The problem of analyzing the local cha rac te r i s t i c s  of the nucleate reg ime has been stated in severa l  
papers  on boiling [1-12, 14]. An important  considerat ion here  is the fact that the equations of motion of 
the sys tem must  be integrated simultaneously with the equation for the bubble-s ize  distr ibution function f. 
If the disintegrat ion and coalescence of bubbles are  d i s regarded ,  the one-dimensional  equation for  f can be 
wri t ten in the fo rm 

% + (q~ux) x + (q~6)~, = n,Pc%; r v) = n~176 %; (1) 
ut 

r = fA is the number of particles of a given diameter per unit length; A and Pc are the cross section and 
perimeter; nc, no, cp c, and r are the fluxes and distributions of the bubbles at the confining walls and bottom 
of the volume. Integrating Eq. (1) from 0 to xt, we obtain the following equation for the bubble distribution 
averaged over the volume: 

t 1 

~, x, (2)  

t,= x--L; Snc%= f n~Pc%dx + noAo%; , =  ~ q~dx. 
121 

0 0 

The growth ra te  of the moving bubbles can be de termined f rom the express ions  [7-9] 

! I 

v = cw-~; ct = 1/2-4 (aUsl)-SJa; Ja = c~oar 
Pthvap 

(3) 

The solution of (2) with regard for (3) with AT = const, the initial condition ~(0, v) = ~0(v) and q~c = 6(v--v0) 
is 

! I 

Snr O(Ax(t-~ 1)--t)exp (D ( 1 -  t'T)) 
T 

CCU 0 

I 

-i- Sn• 0(~--llexp (D(I--~-~))), (4) 
-6 -  

(ZOO - 

where A t = 2Y01/2/0q D = Al/ t l ;  } = V/V 0. The total  number  of bubbles in the volume and the average vapor  
content can be determined f rom the equations 

r, (t) = i , r  V, = c(O = (5) 
0 
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It  i s  c l e a r  f r o m  (4) and (5) tha t  fo r  r =0 ,  n ~ t  and c "~t 3 when t >> 1. We a l s o  c o n s i d e r  a no the r  t echn ique  fo r  

the  so lu t ion  of the v a p o r - c o n t e n t  p r o b l e m .  I n t e g r a t i n g  (1) wi th  r e s p e c t  to vdv,  we ob ta in  the  fo l lowing  con -  
t inu i ty  equa t ion  fo r  the v a p o r  p h a s e :  

O-O~(cA) 4 - q  f vq~dv4- i n ~ P ~ % v d v ~ H ~ + H ~ - - H .  (6) 

H e r e  cA = f vq~tv; Clfil(CA) = f Ul~OVdv; u 1 = u + Usl and u,  Us1, and u 1 a r e  the l iqu id ,  s l i p ,  and bubble  v e l o -  
c i t i e s .  The  c o e f f i c i e n t  c 1 d e p e n d s  on the shape  of the p r o f i l e  Usl(V): 

u~vdv - ~ u~dv 
- _ ' u ~ -  ( 7 )  

In the t r a n s i t i o n  f r o m  (1) to (6) i n f o r m a t i o n  about  the p r o f i l e  Usl(V) i s  s a c r i f i c e d ,  so  tha t  c I m u s t  be  g iven  
e x p e r i m e n t a l l y  o r  the so lu t ion  (1) m u s t  be  s u b j e c t e d  to s i m p l i f y i n g  a s s u m p t i o n s .  

T h u s ,  fo r  u 1 = e o n s t  we have  c 1 = 1. The  ef f lux  of v a p o r  m a s s  due to  g rowth  of the b u b b l e s  d u r i n g  
t h e i r  mo t ion  i s  e q u a l  to H 1. We know tha t  new b u b b l e s  a r e  f o r m e d  on i r r e g u l a r i t i e s  of the w a l l s  [10-12].  
R e c o g n i z i n g  the fac t  tha t  b u b b l e s  a r r i v e  at  the poin t  (t, x) f r o m  a l l  the s ide  w a l l s  be tw e e n  x and x - - u l t  and 
f r o m  the bo t t om for  x - - u l t  <-- 0, we w r i t e  the e x p r e s s i o n  for  H 1 in the f o r m  

0 x - - u l ~ O  

oo 

4- 2 nnAo%v~dx = A 1 4- A 2. (8) 
0 

H e r e  A 2 = 0 i f  x - - u t t  > 0; t T = t - -  i d x / u l ;  (x0' v0) a r e  the c o o r d i n a t e s  of the  bubb le  at  the i n s t a n t  of b r e a k o f f  
, J  

. r  o 

f r o m  the wa i l .  T a k i n g  the r e s u l t s  of [1-9] into accoun t  wi th  r e f e r e n c e  to the v a r i a b l e  A T ( t ,  x) ,  we w r i t e  
the  bubb le  g rowth  r a t e  in the f o r m  

1 

v~ (t, t ' ,  x, x0, v0) - ~(t,  x) Iv2- 
/'/1 

2u~- a t u~ , x" dx" . 
x a  

A s s u m i n g  tha t  the  b u b b l e s  b r e a k i n g  off  f r o m  the w a l l  a r e  of the  s a m e  s i ze  ~0 c = 6(v--v0),  r = 6(v--v0),  we 
ob ta in  fo r  H 1 

1 
x 

1 
x--tQt>O 

; ;( 1 4- [ a (t, x) ncPc x - -  x" " 2u~ ~ [ , x")  dx"dx'  
U t 

l 
- -  x 

+ x) n~176176 4- L--2 J t , 
U I U 1 

0 

(9) 

= C i 4- C: 4- C3 4- C4; (10) 

C1 and C 2 c h a r a c t e r i z e  the b o i l i n g  at  the s ide  w a l l s ;  C 3 and C 4 c o r r e s p o n d  to the b o t t o m  of  the vo lume ;  and 
C 3 = C 4 = 0 i f  x - - u l t  > 0. We w r i t e  the con t inu i ty  and e n e r g y  e q u a t i o n s  fo r  the v a p o r  and l iquid  in the f o r m  

(plcA)t + (pltqcA)x = pill; (p ( I - -  c) A)t 4- (,oft (1 - -  c) A)x = - -  pill; 

(plchlAh + (plu~chiA)~ = % + ,o# (h 4- hva ~ ); 

(P (1 - -  c) hA)t 4- (P ( 1 - -  c) uhA)~ = ql - -  9~ H (h + hva p ). 
(li) 
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The equa t ions  for  the mix tu re  can be obtained by adding the phase  equat ions  (I lL The solut ions of the one -  
d imens iona l  equat ions  (11) a re  ana lyzed  for  c e r t a i n  s i tua t ions  in [13]; he re  we p ropose  to cons ide r  ba lance  
methods  for  ca lcu la t ing  the vapo r  content .  To obtain the m a s s  and e n e r g y  ba lance  for  the p h a s e s  we in tegra te  
(11) and the mix tu re  equat ion with r e s p e c t  to x and allow for  the condi t ions  at the d iscont inui ty  s u r f a c e s  
x = x 1 ( f r e e  su r face  of  the liquid) and x = 0 (bottom of the vo lume) :  

X1 = G__ _ _  ] v a p  _ _  / /s ick) ", (6A)~_o_ = (GA)0; (12) 
9 P P 

Jvap is the m a s s  flux due to evapora t ion  f r o m  the f ree  su r face .  Now the m a s s  ba lance  for  the mix tu re ,  
l iquid, and vapo r  phase s  and the e n e r g y  ba lance  for  the mix tu re  can be wr i t t en  in the f o r m  

xl  

tn~ ~ dt t 
0 

xl xl 

0 0 

(14) 

xi Xl 

�9 'I'  ' (' "'1 m v ~ .  dt . cpA dx=  p~Hdx--  l v a p - - ~  1 
0 

- -  ( /2$1COlA)I  + ( u s l c p ~ A ) o ;  (15) 
x 1 xx 

t 
_ _  d j '  (cpihl 7- (1 - -  c) 9h) Adx ~ q~dx d (clmvhl+ c ; n z h ) ~ T  

dt 
0 0 

The coef f ic ien ts  e 1 and c2 depend on the shape of the prof i le  h(t, x), hi(t,  x), and if h = hit), h i = hi(t), then 
ei = e2 = 1. A c c o r d i n g  to [10-12] T 1 = T s, hlo = CpT s + hva p. If  we postula te  as  the enthalpy of the v a p o r  
h i = h + hvap = e ~ T  + hto, we find that  the r e l a t ive  e r r o r  6 = C l ~ T / ( e p T  s + hva p) << 1 for  the m a j o r i t y  of 
subs t ances .  F o r  example ,  5(H20) " 10 -4, 6(N 2) ~ 0.006, 6(02) ,.o 0.001, and 6(Li) ~ 10 -5. With this  fact  in 
mind,  we obtain the fol lowing equat ion f r o m  (13)-(16) for  the va r i a t i on  of  the l iqu id-phase  enthalpy h. 

xl xl  

.,~h, = j q.d~- hv~q o~ex- ( jv~A ( l -- .) h p)~. (17) 
0 0 

F o r  the va r i a t ion  of the v a p o r - p h a s e  m a s s ,  a c c o r d i n g  to (15), we wr i te  
X~. t~at % ttll~ 

0 0 0 

UlZ* . X~. X X 

+ 0t ~.~o'01 +" [!i, .~..," "~~ + +f'~176 (~, 

F o r  uit  ~ xl the second b r a c k e t e d  e x p r e s s i o n  is  equal  to ze ro .  In p a r t i c u l a r ,  fo r  the case  a = cons t  ~ T  
= const)  we deduce f r o m  (18) 

1 1 

. .  ),.+ + 
1 

+ ,,0, 

F r o m  the cont inui ty  equat ion (11) for  the vapo r  phase ,  a s s u m i n g  that  AT = AT( t ,  x) is known, we obtain the 
expre  s s ion 

M~ = (usl co1Ah --(uslco1A)o = J" PlncPov~ dx' dx 
0 0 
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Fig. 1. Distribution of T(t) and 

V v (t). 

X 1 X 1 

+ ~ Pin~176 ~- .f PincP':v~ xl "~ uit; 

x~ f x~ M2 = j 9:nePovS x'dx + ~t plncPevodx' ; x: > u:t. (20) 

Comparing (18), (19), and (20), we infer f rom (15) that a stat ionary 
distribution of vapor is established and d% = 0 in thevolume at the 
time t 1 = x i / u  t for  AT = const,  u = 0, and u t = Usl (the liquid is mo-  
tionless). But if liquid flows out of the volume < [(GA) 0 ~ 0] or eva-  
pora tes  f rom the free surface (Jvap ~ 0), the total vapor mass  var ies  
together with the mass  of the entire system. We write equations 
analogous to (13)-(15) for the volume variat ion of the phases:  

xl xt 

Vv ~ \ - - ~ -  cA )l--(UslCA)~./ -i- (us:cA). (21) 
0 0 

For the special  case in which the efflux of vapor from the sys tem with the bubbles ac ross  the free surface 
is much smal ler  than the vapor formation due to bubble growth we obtain [for Jvap = 0 and (GA)0 = 0] 

1 x i z1 

~Hdx>>(usICA)l; Vv=S Hdx;~ =-- ~ ~~ /~r~ :0. (22) 
o o o 

The total mass  m E of the mixture is left unchanged, but the volume of the two-phase system increases  due 
to the nucleation and growth of bubbles. This situation is possible in the following cases  (of pract ica l  signif- 
icance .  F i r s t  a film can form on the free surface,  preventing the bubbles f rom escaping the liquid at the 
surface,  whereupon the bubbles r i s ing  f rom the bottom cluster  near  the surface and form a froth layer.  The 
boiling of milk is typical. Second, the speed of the bubbles can be rendered small  by a large viscosi ty  on 
the part  of the liquid (as in the case of industrial  oils): finally, in any liquid where heat sources  of great  in- 
tensity are present  and, accordingly,  superheating takes place it is possible to encounter vigorous bubble 
growth, which is not compensated by the escape of vapor ac ross  the surface.  In every  case the total volume 
of the sys tem increases ,  and the free surface begins to r i se .  If the liquid is contained in an open vesse l ,  
it can spatter  out around the edges. In a closed vesse l  the p ressu re  begins to increase ,  possibly resul t ing 
in rupture.  Here the rate  of growth of the vapor-phase  volume due to bubble growth is determined f rom 
(18) and (19). For  AT = coast  and t >xl /u  i we infer f rom (19) that the increase  of the vapor volume V v ~ t. 
We write the equation (17) for the enthalpy of the liquid phase under condition (22) f . z  t > xl /ui :  

x1 

dida -- - - - -  ~mz l ( Qz--hvaP PlHdX ) 

xl 

where 1/fi = a / e p A T  = eonst; Qy = ~ qydx.  
differential  equation for a(t): 0 

(23) 

Substituting H f rom (10) into (23), we obtain a nonlinear in tegro ,  

d~ 
dt 

- -  A o - -  A 4 - -  A l ~ z  - -  A ~ a  

f 

--A~ 

t u  x.~_l 
t t l  

t 

J ' ~ (~) IQ (t, T) d~ 

t x t  
tt l 

(~) K~ (t, ~) d~; 

Qz hvap plnePevoxl 
A~ = [3mz ; A4 - 13m,~ ; Ar 

I I 

_~hvap { PlncPcVo 2 x~ , p:noAovo2 x: ) ; 
- ~m~ ~ 2u 1 : u: 
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hvap. P lncPc  hvapplnoAo 

! 
- - -  (x~ + ul  (t -- ~))~; K~ = x~ -- u~ (t - ~). 

2 

The coefficients A i are functions of AT. According to [2, 4, 6, 10, 11] we can assume that A i = Aiani. 
For  t >> xl /u  i the quantity ~ can be taken outside the integral  in (24): 

d~ .  = Bo _~_ B~ a ~' +Blcr n'+l 
dt 

§ B ~  '+2. 

In par t icular ,  for n i = 0 we obtain 

a (t) = D~ 

exp (Dat) 

(% - -  D~) -~ + Dz (1 - -  exp (Dot)); 

(24) 

(25) 

(26) 

D1 - -  B , - "  V-B~ - -  4BsB--~. 2 B, 2 . ; D.:-- , 
2B,, B 1 - .  2D, B~ 

D a = B  1 !-2D1Ba; B ~ = B  o-kB~.  

It is evident f rom (23)-(26) that the superheat a(t), varying as a function of B 0, B i, and (~0, at f i rs t  increases  
and then decreases  to D i. The solution of (23) is given in Fig. 1, in which curve 1 cor responds  to heating 
of a single-phase liquid, curves  2 and 3 to the boiling of a two-phase liquid, and curve 4 to boiling with an 
abrupt pressure  drop in the volume, this effect being equivalent to abrupt superheating of the liquid. Curve 
2 typifies boiling with a "low" heat source,  for which the superheat  increases  monotonically,  while curve 
3 typifies boiling with a "strong" heat source ,  for which the superheat at f i rs t  increases  and then subsides. 

In the bubbling of gas through holes in the walls v 0, nc, and n o are independent of the superheat AT, 
but the growth of the bubbles during their motion is a function ofAT : iv =v(AT)]. Under the condition Pv 
>> P (Pv and pg are the part ial  p r e s su re s  of the vapor and gas in the bubbles) the bubble growth can be de te r -  g 
m i n e d f r o m  (3). I t i s c l e a r  that Pv >> pg for t > > l ,  f o r x > > l ,  o r f o r A T > > l .  Under these conditions the 
general  equations (8)-(26) describe bubbling p rocesses  in a liquid. 

6 
0 
1, E 
G = PlUi c + pu(1--c) 

= 0ic + 0( l--c)  
mE, mv, m l ,hE,  hi, h 
hvap 
AT = T--T s 
Ja 

S 

Vv 

T s 
hi, hl0 

NOTATION 

is the delta function; 
is the unit Heaviside function; 
are subscripts  r e f e r r ing  to the vapor and mixed phases; 
is the mass  flow rate of the mixture; 
is the average density of the mixture 
are the masses  and enthalpies of the mixture,  vapor,  and liquid, respect ively;  
is the heat of vaporization; 
is the superheat  relative to saturation; 
is the Jacob number; 
is the total surface area of the walls; 
is the vapor volume; 
is the saturation temperature;  
r e fe r  to the enthalpy of the vapor.  

1o 
2. 

3. 
4. 
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